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PERMUTATION POLYNOMIALS WITH CARLITZ RANK 2
JOSE´ ALVES OLIVEIRA AND F. E. BROCHERO MARTI´NEZ
Abstract. Let Fq denote the finite field with q elements. The Carlitz rank of a per-
mutation polynomial is a important measure of complexity of the polynomial. In this
paper we find the sharp lower bound for the weight of any permutation polynomial with
Carlitz rank 2, improving the bound found by Go´mez-Pe´rez, Ostafe and Topuzog˘lu in
that case.
1. Introduction
Let Fq denote the finite field with q elements. A polynomial f(x) ∈ Fq[x] is called
a permutation polynomial over Fq if the map a 7→ f(a) permutes the elements of Fq.
Important early contributions to the general theory can be found in Hermite [1] and
Dickson [8]. In recent times, the study of permutation polynomial has intensified by their
applications in cryptography and coding theory [3, 4, 5, 6], resulting in the emergence of
several new classes of these types of polynomials.
Two polynomials f(x), g(x) ∈ Fq[x] represent the same permutation of Fq if f(a) = g(a)
for all a ∈ Fq, i.e. f(x) = g(x) (mod x
q − x). Characterizing permutation polynomials
with few non null coefficients is one of the main questions involving these polynomials,
because they have practical application. Permutation binomials and trinomials, for exam-
ple, have been extensively explored [10, 11, 12, 13]. Therefore, relating the number of non
null coefficients of a permutation polynomial to some other characteristic is a important
problem, since this is a way of finding permutations with few coefficients.
Let Sq be the set of permutations polynomials of Fq. A well known result of Carlitz [7]
states that Sq is generated by linear polynomials ax+ b, a, b ∈ Fq, a 6= 0, and x
q−2. Thus,
any permutation polynomial f(x) of Fq can be represented by a polynomial of the form
Pn(x) = (. . . ((a0x+ a1)
q−2 + a2)
q−2 . . .+ an)
q−2 + an+1, (1)
with a1, an+1 ∈ Fq and a0, a2, . . . , an ∈ F
∗
q, i.e. f(x) = Pn(x) (mod x
q − x). In fact, the
polynomial f can be represented by several polynomials of the form (1) and thus we can
define the following invariant of permutations.
Definition 1.1. Let f(x) a permutation polynomial of Fq. The smallest integer n for
which exists a polynomial Pn(x) of the form (1) such that f(x) = Pn(x) (mod x
q − x) is
called Carlitz rank of f . We denote the Carlitz rank by Crk(f).
From now we will only use Pn(x) to denote a representation of a permutation polynomial
f with Crk(f) = n. Using the fact that
xq−2 =
{
x−1, se x 6= 0;
0, se x = 0,
formally, we can see Pn(x) as
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an+1 +
1
an + . . .
1
a2 +
1
a0x+ a1
, (2)
and its form the nth convergent
Rn(x) =
αn+1x+ βn+1
αnx+ βn
, (3)
where αk := αk−1ak + αk−2 and βk := βk−1ak + βk−2 for k ≥ 2, where α0 := 0, α1 := a0,
β0 := 1 and β1 := a1.
Let On define the set of poles as{
−βi
αi
: i = 1 . . . n
}
⊂ P1(Fq) = Fq ∪ {∞}, (4)
Clearly, Pn(x) = Rn(x) for all x ∈ Fq\On and thus
f(x) =
αn+1x+ βn+1
αnx+ βn
, for all x ∈ Fq\On. (5)
In [2], the authors show the following relationship between the Carlitz rank and the
degree of a permutation polynomial.
Proposition 1.2. Let f(x) be a permutation polynomial of degree d and Carlitz rank n.
Then
n ≥ q − 1− d.
We called weight of f(x), denoted by ω(f), the number of non null coefficients of a
polynomial f(x). The following important result relating the Carlitz rank to the weight
of a permutation polynomial was shown by Go´mez-Pe´rez, Ostafe, and Topuzog˘lu.
Theorem 1.3. [9] Let f(x) be a permutation polynomial of Fq with degree ≥ 2,
f(x) =
w(f)∑
i=1
aix
ei and f(x) 6= c1 + c2x
q−2,
for c1, c2 ∈ Fq, c2 6= 0. Then
Crk(f) >
q
ω(f) + 2
− 1.
Fixing Crk(f) = n, this theorem states that the lower bound for the weight of the
polynomial is given by
ω(f) >
q
n+ 1
− 2. (6)
But this inequality is not optimal. In this paper, we study the relationship between
permutation polynomials with Carlitz rank 2 and the weight of these. In our main result
(Theorem 3.1) we present a improvement to the bound (6) in the case Crk(f) = 2.
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2. Preliminaries
Throughout this article, Fq denotes the finite field with q elements, where q is a power
of a prime p. For any a ∈ F∗q, ordq(a) denotes the order of a in the cyclic group F
∗
q . From
now, f(x) ≡q g(x) means f(x) ≡ g(x) (mod x
q − x).
Lemma 2.1. Let Fq be a finite field with odd characteristic and f(x) ∈ Fq[x] be a per-
mutation polynomial of Fq with Crk(f) = 2. Then there exist elements a0, a1, a2, a3 ∈ Fq,
where a0, a2 6= 0, such that
f(x)≡q a
−1
2
q−2∑
i=1
xi(−a0)
i
[
(a1−ia
−1
2 )(a1+a
−1
2 )
q−2−i−aq−1−i1
]
+a3+a
−1
2
[
a1
a1+a
−1
2
+1−aq−11
]
.
Proof: By definition of Carlitz rank, there exists a0, a1, a2, a3 ∈ Fq, com a0, a2 6= 0,
such that f(x) = ((a0x+ a1)
q−2 + a2)
q−2 + a3. By Equation (5),
f
(
a−10 x
)
≡q


R2(x) =
x+ a1
a2x+ a1a2 + 1
+ a3, if x /∈ {−a1,−a1 − a
−1
2 };
a−12 + a3, if x = −a1;
a3, if x = −(a1 + a
−1
2 ).
Moreover, if x 6= −(a1 + a
−1
2 ), it follows that
x+ a1
a2x+ a1a2 + 1
+ a3 ≡q a
−1
2 (x+ a1)
(
x+ a1 + a
−1
2
)q−2
+ a3
= a−12 (x+ a1)
q−2∑
i=0
(
q − 2
i
)
xi
(
a1 + a
−1
2
)q−2−i
+ a3 =: R2(x).
Thus f
(
a−10 x
)
−R2(x) = 0 for all elements in x ∈ Fq\{−a1,−a1−a
−1
2 }. In other hand,
the polynomial f
(
a−10 x
)
−R2(x) can also be written using the Lagrange’s Interpolation
method:
f
(
a−10 x
)
−R2(x) ≡q
∑
a∈Fq
[
f(a−10 a)−R2(a)
]
(1− (x− a)q−1)
= (1− (x+ a1)
q−1)a−12 + (1− (x+ a1 + a
−1
2 )
q−1) · 0
= (1− (x+ a1)
q−1)a−12 .
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So, we recovered a polynomial form of f as
f
(
a−10 x
)
≡q R2(x) + (1− (x+ a1)
q−1)a−12
= a−12 (x+ a1)
q−2∑
i=0
(
q − 2
i
)
xi(a1 + a
−1
2 )
q−2−i + a3 + (1− (x+ a1)
q−1)a−12
=a−12 (x+ a1)
q−2∑
i=0
(
q − 2
i
)
xi(a1+a
−1
2 )
q−2−i+a3+a
−1
2 −a
−1
2
q−1∑
i=0
(
q − 1
i
)
xiaq−1−i1 .
≡q a
−1
2 (x+a1)
q−2∑
i=0
(i+1)(−1)ixi(a1+a
−1
2 )
q−2−i + a3 + a
−1
2 − a
−1
2
q−1∑
i=0
(−1)ixiaq−1−i1
= a−12
q−2∑
i=1
xi
(−1)i
[
(a1−ia
−1
2 )(a1+a
−1
2 )
q−2−i−aq−1−i1
]
+a3+a
−1
2
[
a1
a1+a
−1
2
+1−aq−11
]
.
Hence, we have
f(x)≡q a
−1
2
q−2∑
i=1
(−a0)
ixi
[
(a1−ia
−1
2 )(a1+a
−1
2 )
q−2−i−aq−1−i1
]
+a3+a
−1
2
[
a1
a1+a
−1
2
+1−aq−11
]
,
and the result is shown. 
By the last lemma is clearly that we need to determinate which are the elements a1, a2
e a3 for which (a1 − ia
−1
2 )(a1 + a
−1
2 )
q−2−i − aq−1−i1 = 0, 1 ≤ i ≤ q − 2, have the largest
number of solutions. If a1 + a
−1
2 6= 0, that equation is equivalent to
a1 + ia
−1
2 =
(
a1 + a
−1
2
a1
)i
(a1 + a
−1
2 ). (7)
In the following lemmas we present the necessary theory to estimate the largest number
of solutions of (7).
Lemma 2.2. Let Ω be a finite set and f, g : Z → Ω be periodic functions with period m
and n, respectively. If f |[1,m] e g|[1,n] are injective functions and gcd(m,n) = 1, then
|{i ∈ [1, mn] : f(i) = g(i)}| = |{f(i) : 0 ≤ i ≤ m} ∩ {g(i) : 0 ≤ i ≤ n}|.
Proof: Let j be a element in [1, mn]. If f(j) = g(j), then f(jf ) = g(jg) for some
jf ∈ [1, m] and jg ∈ [1, n]. Reciprocally, if jf ∈ [1, m] and jg ∈ [1, n] are such that
f(jf) = g(jg), Chinese Remainder Theorem states that exists only one j ∈ [1, mn] such
that {
j ≡ jf (mod m);
j ≡ jg (mod n).
Thus,
|{i ∈ [1, mn] : f(i) = g(i)}| = |{f(i) : 0 ≤ i ≤ m} ∩ {g(i) : 0 ≤ i ≤ n}|.

Corollary 2.3. Let Ω be a finite set and l, k be integers. Let f, g : Z → Ω be periodic
functions with period m and n, respectively. If f |[1,m] e g|[1,n] are injective functions and
gcd(m,n) = 1, then
|{i ∈ [k + 1, k + lmn] : f(i) = g(i)}| ≤ l ×min{m,n}.
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Lemma 2.4. Let Fq be a finite field with odd characteristic and γ ∈ Fq and c, d ∈ Fq,
where c 6= 0. For 3 ≤M ≤ p, we have +
|{1 ≤ i ≤M : γi+1 = ic+ d}| ≤
√
3M
2
−
39
16
+
5
4
.
Proof: For γ ∈ {0, 1} the inequality is trivial. Then let γ ∈ Fq\{0, 1} and define
Cγ := {1 ≤ i ≤M : γ
i+1 = ic+ d}, t := |Cγ| and l := ordFq(γ).
If i1, i2 ∈ Cγ, with i1 6= i2, then γ
i1+1 = i1c+ d and γ
i2+1 = i2c + d implies
γi2+1 − γi1+1 = i2c− i1c
γi2+1 − γi1+1 = (i2 − i1)c
γi1+1(γi2−i1 − 1) = (i2 − i1)c.
We observe that if l|(i2 − i1), then (i2 − i1)c = 0, hence i1 = i2. Then we can assume
i2 − i1 6≡ 0 (mod l) to get
γi1+1 = (i2 − i1)
c
γi2−i1 − 1
.
Now, let j1, j2 ∈ Cγ , with j1 6= j2 and j2 − j1 = i2 − i1. Then
j1c+ d = γ
j1+1 = (j2 − j1)
c
γj2−j1 − 1
= (i2 − i1)
c
γi2−i1 − 1
= γi1+1 = i1c+ d.
Using the fact that c 6= 0, we have j1 = i1 and j2 = i2, so the difference between two
distinct pairs of elements in Cγ is never the same. Therefore, assuming Cγ = {i1 < · · · <
it}, the values
(i2 − i1), (i3 − i2), . . . , (it − it−1),
(i3 − i1), (i5 − i3), . . . , (i2⌊ t−1
2
⌋+1 − i2⌊ t−1
2
⌋−1),
(i4 − i2), (i6 − i4), . . . , (i2⌊ t
2
⌋ − i2⌊ t
2
⌋−2)
are all different. The quantity of values above is 2t− 3. Besides that,
L1 := (i2 − i1) + (i3 − i2) + · · ·+ (it − it−1) ≤M − 1,
L2 := (i3 − i1) + · · ·+ (i2⌊ t−1
2
⌋+1 − i2⌊ t−1
2
⌋−1) + (i4 − i2) + · · ·+ (i2⌊ t
2
⌋ − i2⌊ t
2
⌋−2) ≤ 2M − 4
Thus,
(2t− 3)(2t− 2)
2
= 1 + 2 + · · ·+ (2t− 3) ≤ L1 + L2 ≤ 3M − 5,
it follows that
t ≤
√
3M
2
−
39
16
+
5
4
.

Observe that this inequality is not optimal. In fact, we do not know a sharp version
for this result. We checked via computer that there exists a constant k > 0 such that
|{1 ≤ i ≤ p− 2 : γi+1 = ic+ d}| < k · log(p)
for p < 106.
Lemma 2.5. Let p be a odd prime and n > 1 a integer. Let Fq be a finite field with
q = pn and let γ ∈ Fq\Fp. Then
|{1 ≤ i ≤ q − 2 : γi+1 = i(1 − γ) + 1}| ≤
q
p
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Proof: We define l = ordFq(γ). In order to prove the result, we consider two cases:
l > p and l < p.
Firstly, we assume l > p. We note that γi+1 have period l and i(1− γ) + 1 have period
p. Let f(i) := γi+1 − i(1 − γ) − 1. By Corollary 2.3, the number of roots of f(i) in[
1, lp
⌊
q−2
lp
⌋]
is at most p
⌊
q−2
lp
⌋
. In the interval [lp
⌊
q−2
lp
⌋
, q− 2
]
the number of roots of f(i)
is at most p, since q−2− lp
⌊
q−2
lp
⌋
< lp. Therefore, we divide the problem in the following
subcases:
If n = 2, since l > p, ⌊
q − 2
lp
⌋
+ p =
⌊
p2 − 2
lp
⌋
+ p = p =
q
p
.
If n = 3, since (p+ 1) ∤ (p3 − 1), then l is at least p+ 2. Thus
p
⌊
q − 2
lp
⌋
+ p = p
⌊
p3 − 2
lp
⌋
+ p < p
p3 − 2
lp
+ p ≤
p3 − 2
p+ 2
+ p ≤ p2 =
p3
p
=
q
p
.
If n ≥ 4, since l ≥ p+ 1, we have
p
⌊
q − 2
lp
⌋
+ p = p
⌊
pn − 2
lp
⌋
+ p < p
pn − 2
lp
+ p ≤
pn − 2
p+ 1
+ p ≤ pn−1 =
pn
p
=
q
p
.
This prove the result for l > p. Now, we assume l < p and observe that γi+1 = i(1−γ)+1
is the same as γi + . . . + γ + 1 = −i. We define f(i) =
∑i
j=0 γ
j and g(i) = −i, then by
Lemma 2.2, we get
|{i ∈ [1, lp] : f(i) = g(i)}| = |{f(i) : 0 ≤ i ≤ l} ∩ {g(i) : 0 ≤ i ≤ p}|
= |{f(i) : 0 ≤ i ≤ l} ∩ {−i : 0 ≤ i ≤ p}|
= |{f(i) : 0 ≤ i ≤ l} ∩ Fp|
Assuming that k ∈ N, where 0 ≤ k ≤ l − 1, such that f(k), f(k + 1) ∈ {f(i) : 0 ≤ i ≤
l} ∩ Fp, we have
f(k) = γk + . . .+ γ + 1 = ck ∈ Fp; (8)
f(k + 1) = γk+1 + . . .+ γ + 1 = ck+1 ∈ Fp. (9)
Since ck 6= 0 and k < l = ordFq(γ), the Equations (8) and (9) imply
γ =
ck+1 − 1
ck
∈ Fp,
which is a contradiction. Therefore, if f(k) ∈ {f(i) : 0 ≤ i ≤ l}∩Fp, then f(k+1) /∈ {f(i) :
0 ≤ i ≤ l}∩Fp. So we have a bound for the number of elements in {f(i) : 0 ≤ i ≤ l}∩Fp,
given by
|{i ∈ [1, lp] : f(i) = g(i)}| = |{f(i) : 0 ≤ i ≤ l} ∩ Fp| ≤
⌊
l
2
⌋
.
Hence the number of roots of f(i) − g(i) in
[
1, lp
⌊
q−2
lp
⌋]
is at most
⌊
l
2
⌋⌊
q−2
lp
⌋
and the
number of roots in [lp
⌊
q−2
lp
⌋
, q − 2
]
is at most
⌊
l
2
⌋
, since q − 2− lp
⌊
q−2
lp
⌋
< lp. Hence
|{1 ≤ i ≤ q − 2 : γi+1 = i(1− γ) + 1}| ≤
⌊
l
2
⌋⌊
q − 2
lp
⌋
+
⌊
l
2
⌋
<
q
2p
+
p
2
≤
q
p
,
this proof the result. 
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3. The main Theorem
Note that in case Crk(f) = 2, Theorem 1.3 states that
ω(f) >
q
3
− 2.
The following theorem improve the bound in this case.
Theorem 3.1. Let Fq be with odd characteristic p and let f(x) be a permutation polyno-
mial of Fq with Crk(f) = 2. Then
ω(f) ≥ q −
q
p
−
√
3p
2
−
39
16
−
1
4
.
Proof: By Lemma 2.1, there exist a0, a1, a2, a3 ∈ Fq, where a0, a2 6= 0, such that
f(x) = a−12
q−2∑
i=1
xi(−a0)
i
[
(a1 − ia
−1
2 )(a1 + a
−1
2 )
q−2−i − aq−1−i1
]
+a3+a
−1
2
[
a1
a1 + a
−1
2
+ 1− aq−11
]
.
In order to calculate the smaller number of non null coefficients of f , we consider
a3 := −
a−12 a1
a1 + a
−1
2
− a−12 + a
−1
2 a
q−1
1 and a0 = −1. Thus,
f(x) = a−12
q−2∑
i=1
xi
[
(a1 − ia
−1
2 )(a1 + a
−1
2 )
q−2−i − aq−1−i1
]
. (10)
Before to resolve the general case, we consider some special cases. Firstly, we assume
a1 = 0 and then
f(x) = a−12
q−2∑
i=1
xi
[
− i(a−12 )
q−1−i
]
= −a−12
q−2∑
i=1
ixiai2.
Note that i ai2 = 0 only when i ≡ 0 (mod p). Thus, in this case we have
ω(f) = q − 2−
(
q
p
− 1
)
= q −
q
p
− 1,
Now, we assume that a1 + a
−1
2 = 0 and in this case
f(x) = −a−12
q−2∑
i=1
xi aq−1−i1 .
Since a2 6= 0, we have a1 6= 0 and thus ω(f) = q− 2. Now we consider the general case,
where a1 6= 0 and a1 + a
−1
2 6= 0. Hence
f(x) = a−12
q−2∑
i=1
xi
[
(a1 − ia
−1
2 )(a1 + a
−1
2 )
q−2−i − aq−1−i1
]
= a−12
q−2∑
i=1
xi
[
(a1 − ia
−1
2 )(a1 + a
−1
2 )
−(i+1) − a−i1
]
= a−12
q−2∑
i=1
xia1(a1 + a
−1
2 )
−(i+1)
[
1− i
(
a1 + a
−1
2
a1
− 1
)
−
(
a1 + a
−1
2
a1
)i+1]
.
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Let γ :=
a1+a
−1
2
a1
and by hypothesis γ 6∈ {0, 1}. In the same way that particular cases,
we estimate the number of indices i for which
γi+1 = i(1− γ) + 1. (11)
In the case γ ∈ Fq\Fp, the result follows by Lemma 2.5. Now, we assume γ ∈ Fp, thus
l := ordFq(γ)|(p−1). By Corollary 2.3, the number of elements i in [p−1, q−2] for which
γi+1 = i(1− γ) + 1 is exactly q
p
− 1. Finally, by Lemma 2.4, the number of such i in the
interval [1, p− 2] is at most √
3p
2
−
39
16
+
5
4
.
Hence, we get
ω(f) ≥ q − 2−
(
q
p
− 1
)
−
(√
3p
2
−
39
16
+
5
4
)
= q −
q
p
−
√
3p
2
−
39
16
−
1
4
.
As we wanted to prove. 
Corollary 3.2. Let Fpn be a finite field with odd characteristic p and let f(x) be a per-
mutation polynomial of Fpn with Crk(f) = 2. Then for all p there exists a integer νp ∈ N,
with 0 ≤ νp ≤
√
3p
2
− 39
16
+ 5
4
, such that
ω(f) ≥ pn − pn−1 − 1− νp,
where this inequality is sharp, i.e. for all n ∈ N there exists a polynomial f(x) ∈ Fpn such
that Crk(f) = 2 and ω(f) = pn − pn−1 − 1− νp.
From here, an open question is what is the value of
νp = max
γ∈Fp
|{1 ≤ i ≤ p− 2 : γi+1 = i(1− γ) + 1}| − 1? (12)
Example 3.3. It is easy to verify that ν11 = 3, where the maximum value in (12) is
attained by γ = 7. For each positive integer n we let
f(x) =
11n−2∑
i=1
[
4i+1(2− i)− 6i
]
xi
be a permutation polynomial with Carlitz rank 2 in F11n. The coefficients of f has been
choosing using Equation (10) and the fact that γ =
a1+a
−1
2
a1
. The polynomial f(x) also can
be seen as
f(x) ≡ ((2− x)11
n−2 + 1)11
n−2 − 8 (mod x11
n
− x).
By the proof of Theorem 3.1 we know the ω(f) = 11n − 11n−1 − 4. In addition, any
permutation polynomial g(x) with Carlitz rank 2 over F11n satisfies ω(g) ≥ 11
n−11n−1−4.
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